Abstract
N denotes the set of nonnegative integers. |S | denotes the cardinality of S . Further notation is given at the end of this section. th:hyp
Hypothesis 1.2 M is a real or complex manifold with empty boundary having dimension 2 over the ground field.
This is our main result: th:liealg Theorem 1.3 Assume Hypothesis 1.2 and let g ⊂ v ω (M) be a Lie algebra. If X ∈ g spans a 1-dimensional ideal, Z(g) meets every essential X-block.
The proof, in Section 4, uses criteria developed in Section 3 that guarantee i(X, U) = i(Y, U) when U is isolating for both X and Y.
We broaden Bonatti' 
. , n).
A set s ⊂ v(M) is said to track X when each of its elements tracks X. When s tracks every element of t ⊂ v(M), we say that s tracks t.
Example 1.5
If g ⊂ v 1 (M) is a Lie algebra of vector fields then g tracks X ∈ g iff X spans an ideal. In particular, g tracks its center.
The the set of analytic vector fields that track X is a Lie algebra (Proposition 2.2). Therefore Theorem 1.3 has the following corollary: th:liealgcor Corollary 1.6 Assume Hypothesis 1.2. If K is an essential block of zeros for
Application to group actions
Let G be the class comprising those Lie groups G, real or complex. whose Lie algebra L(G) contain an ideal that is 1-dimensional over the ground field. This class is rather large. It contains every G such that L(G) has nontrivial center. Therefore it contains every complex solvable G, and every real G that is supersoluble, i.e., every element in the adjoint representation of L(G) has real spectrum. (See Lie's Theorem, Jacobson [12, Ch. 2, Th. 12]). G is closed under direct products, and contains GL(n, R) and GL(n, C).
Let Fix(α) denote the set of fixed points of a group action α. The following corollary of Theorem 1.3-essentially an application of Zorn's Lemma-is derived from Theorem 1. This result is reminiscent of Borel's fixed-point theorem for solvable algebraic actions on complex projective varieties [2, 11] , and its extension to solvable holomorphic actions on Kaehler manifolds by Sommese [22] . While these results have strong algebraic hypotheses, they impose no restrictions on dimensions or Euler characteristics. For the special case of supersoluble actions on real surfaces, Theorem 1.7 is due to Hirsch & Weinstein [9] . Theorem 1.8, below, implies:
• Theorems 1.3 and 1.7 do not extend to C ∞ vector fields and group actions on real 2-manifolds.
Background: Fixed points of surface actions sec:surf
Here we collect some earlier results on fixed points of actions by connected Lie groups G on manifolds whose boundaries may be nonempty. A manifold is closed if it is compact with empty boundary. Let S T • (k, R) denote the identity component of the group of k × k upper triangular matrices of determinant 1. Elon Lima, in his pioneering paper [14] of fifty years ago, constructed fixed-point free continuous actions of S T • (2, R) on the compact disk and the sphere S 2 . He also showed that every action of G on M has a fixed point if G is abelian and M is compact with χ(M) 0. These results were generalized by Joseph Plante: th:plante Proposition 1.8 (Plante [19] )
• S T • (2, R) has an effective, fixed-point free C ∞ actions on all surfaces.
• Assume G is nilpotent and M is a compact surface, χ(M) 0. Then every continuous action of G on M has a fixed point .
Other results include the following: th:fixedpts Proposition 1.9 Let α denote a fixed-point free continuous action of G on a closed surface M.
• If α is analytic, χ(M) ≥ 0.
(Turiel [24] )
• If G is supersoluble and α is analytic and effective, χ(M) = 0.
Turiel also proved: 
I don't know whether the right hand side of Equation (1) can be lowered. Several results for higher dimensional manifolds are proved in [8] , including: Proposition 1.11 [8, Ex. 20] Assume N is a real n-manifold, n ≥ 1, ∂N = ∅. Let th:ex20 α be an effective analytic action of S T (2k, R) on N, k ∈ N + .
• If n ≤ 2k, then Fix(α) ∅.
• If n = 2k and N is compact, then χ(N) = | Fix(α)| > 0.
Notations and conventions
sec:morenotation Maps are continuous unless otherwise characterized. f ≃ g means f and g are homotopic maps. A map is null homotopic if it is homotopic to a constant map. If S is a topological space, the closure of Λ ⊂ S is denoted by Λ, the frontier by fr(Λ) := Λ ∩ S \ Λ, and the interior by Int(Λ).
ξ denotes the Euclidean norm of ξ ∈ R n . S n−1 is the unit sphere in R n . Let dim F (M) = n. The tangent bundle τ(M) is a fibre bundle over M with total space T (M), projection map π M : T (M) → M, standard fibre F n , and structure group GL(n, F) (see Steenrod [23] ). The tangent space to M at p is the fibre
R is the underlying real 2n-manifold. The differential structure on M R is defined by viewing the C n -valued charts as R 2n -valued charts. The topological spaces T (M) and
The image of an X-trajectory is a X-orbit. An X-arc is an arc contained in an X-orbit. Assume X ∈ v r (M), r ≥ 1. The local flow on M whose trajectory through p is the X-trajectory of p is denoted by
Consequences of tracking
sec:tracking Throughout this section we assume: th:hyptracks Hypothesis 2.1 
Proof As the theorem local, we assume M is an open set in
in a convex open subset of R n , and the Y-trajectory
where e 1 , . . . , e n ∈ F n are the standard basis vectors. Let J p ⊂ R be an open interval around 0 such that
Tracking implies there is a complex-valued function g(t) such that in the flowbox coordinates for Y, the vector function X y(t) satisfies
As this vector-valued linear differential equation has inital value
Assume Y p 0 and fix flowbox coordinates for Y at p. With notation as in paragraph (a), it suffices to verify (2) for all t ∈ J p . Equation (3) implies
identically in t. This shows that 2) holds for all t ∈ J p because it holds at t = 0. 
and
To prove X-invariance of Dep(X, Y) it suffices to prove the stronger statement:
Setting (A, B, C) := (X, X, Y) and using Equations (4) and (5), we see that (6) 
Assume Γ is not a singleton and p ∈ Γ, so that X p is a nonzero tangent vector to Γ. Set
, which is a nonzero tangent vector to Γ ′ , is a scalar multiple of X p ′ . Thus X is tangent to Γ ′ , hence Γ ′ is an X-curve by the uniqueness theorem for trajectories of C 1 vector fields.
A similar argument shows that (ii) =⇒ (iii). We complete the proof by proving (ii) =⇒ (i). We can work locally, taking M to be an open set in R n . It suffices to verify the tracking condition
for all x in some convex open neighborhood V p of each p ∈ M\ZX. Therefore there are flowbox coordinates on V p M in which X takes the constant nonzero value e ∈ R n , and
The X-curves are open intervals in lines parallel to e. Consider the maps defined for each t by
parametrized by t ∈ R. We will use the classical formula
By (9),
Both terms on the right hand side lie in the line through Φ Y t (y) parallel to e, because Φ Y permutes X-curves. Therefore by (11) there exist λ(t, y) ∈ R such that H t (y) = λ(t, y)e. Wedging both sides of Equation (11) with e yields and using (10) yields
The next result is not used in the proofs of the main results. Consider the set of vector fields 
is an arc in N that is not contained in any X-arc, and therefore not contained in any X-orbit. This shows that U is a neighborhood of Y in v 1 (M)\T 1 (X).
The index function
sec:indices In this section M is real and satisfies the following conditions: th:hypind Hypothesis 3.1
• K is a block of zeros of X,
The deformation is nonsingular in a set S ⊂ M provided Z(X t ) ∩ S = ∅. th:convex 
Proof (i) and (ii) follow from the definition of the compact-open topology on v(M). Standard approximation theory gives (iii). th:defph
Definition 3.4 When K is finite, the Poincaré-Hopf index of X at K, and in U, is the integer i
The transform of X by φ is the vector field X ′ on W ′ defined as
There is a map of pairs
that expresses X ′ by the formula
Let i PH p (X) ∈ Z denote the degree of the map defined for all sufficiently small ǫ > 0 as
This is independent of ǫ and φ by standard properties of degrees.
This integer depends only on X and K. th:xtfru Proposition 3.5 Let {X t } be a deformation that is nonsingular in fr(U). If both
Proof The proof is similar to that of a standard result on homotopy invariance of intersection numbers in oriented manifolds (compare Hirsch [7, Theorem 5.2.1]). th:supp Definition 3. 6 The support of a deformation {X t } is
A deformation {X t } is compactly supported in S ⊂ M if its support is a compact subset of S . th:defindex Definition 3. 7 The index of X in U is
where X ′ is any vector field on M such that Z(X ′ ) ∩ U is finite, and there is a deformation from X to X ′ that is compactly supported in Int(U). This integer is well defined because the right hand side of Equation (13) 
Therefore i(X, U) = i(X, W), because this deformation is compactly supported in U and Z(Y 1 ) ∩ U is finite.
It follows that i(X, U) depends only on X and K. We define the index of X at K to be i K (X) := i(X, U).
The key properties of the index function is: th:stability Theorem 3.9 (Stability) Let U ⊂ M be isolating for X.
(b) If Y is sufficiently close to X then i(Y, U) = i(X, U).
(c) Let {X t } be a deformation of X that is nonsingular in fr(U). Then
Proof If i(X, U) 0 By Definition 3.7 shows that X is the limit of a convergent sequence
Passing to a subsequence and using compactness of U shows that Z(X) ∩ U ∅, and (a) follows because Z(X) ∩ fr(U) = ∅. Parts (b) and (c) are implied by Propositions 3.3 and 3.5.
The Poincaré-Hopf Theorem ( [10, 20] 
For calculations of the index in more general settings see Morse [17] , Pugh [21] , Gottlieb [5] , Jubin [13] . 
.
Proof U ∩ Z(X) ∪ Z(Y) is the compact set U ∩ Z(X) ∪ Z(Y) . This implies only finitely many components of U meet Z(X) ∪ Z(Y).
The union U 1 of these components is isolating for X and Y. The index function is additive over disjoint unions, and both X and Y have index zero in the open set U\U 1 , which is disjoint from Z(X) ∪ Z(Y). Therefore
Replacing U by U 1 , we assume U has only finitely many components. As it suffices to prove X and Y have the same index in each component of U, we also assume U is connected. Let p ∈ fr(U) be arbitrary. If (a) holds, consider the deformation 
If M is even dimensional then i(X, U) = i(Y, U).
Proof We can assume U is connected, arguing as in the proof of Proposition 3.11.
As neither X nor Y has a zero in ∂N, by (14) there is a map
such that f has constant nonzero sign in each of the finitely many components of ∂N.
Consider the decomposition
To fix ideas we assume ∂ − N ∅, the case ∂ + N ∅ being similar. Because each tangent space T p (M) is even dimensional, the antipodal map of T p (M)\{0} is isotopic to the identity map. It follows that there is a homotopy of nonsingular sections of T ∂ − N M connecting X| ∂ − N to −X| ∂ − N. Since ∂ − N is a subcomplex of a smooth triangulation of M (Whitehead [25] , Munkres [18] ), this homotopy extends to a deformation {X t } of X from X = X 0 to a vector field X 1 that agrees with X outside a compact neighborhood of ∂ − N in U\∂ + N. Thus
by Proposition 3.11(a). The conclusion follows because
by the Stability Theorem 3.9.
Fix N as in (15), so that i(X, U) = i(X, N\∂N). An orientation of N corresponds to a generator ∂N) denote the dual generator. Denote the canonical dual pairing (the Kronecker Index) by
Let c X,N ∈ H n (N, ∂N) denote the obstruction to extending X|∂N to a nonsingular vector field on N.
With N as in Equation (15), unwinding definitions yields:
A similar result holds for nonorientable manifolds, using homology with coefficients twisted by the orientation sheaf. th:approx Theorem 3.14 i(X, U) = 0 iff X can be approximated by vector fields X ′ with no zeros in U.
Proof If the approximation is possible then the index vanishes, thanks to the Stability Theorem 3.9. To prove the converse, fix a Riemann metric on M and ǫ > 0. There exists an isolating neighborhood U ′ of K whose closure is a compact submanifold N ⊂ U and X p < ǫ, (p ∈ N).
This is the total space of a fibre bundle η over N that is fibre homotopically equivalent to the sphere bundle associated to the tangent bundle of N. Thanks to Proposition 3.13, X|∂N extends to a section X ′′ : N → E ǫ of η. Let X ′ ∈ v(M) be the extension of X ′′ that agrees with X outside N. Then X ′ is an ǫ-approximation to X with no zeros in U.
Examination of the proof, together with standard approximation theory, yields the following addenda to 3.14: th:approxcor Corollary 3.15 Assume i(X, U) = 0.
(i) If X is analytic, the approximations in Theorem 3.14 can be chosen to be analytic.
(ii) If X is C r with 0 ≤ r ≤ ∞, the approximations can be chosen to be C r , and to agree with X in M\U. th:deftriv Definition 3.16 Let η denote a real or complex vector bundle, with total space E and n-dimensional fibres. A trivialization of η is a map ψ : E → F n which restricts to a linear isomorphism on each fibre. th:obcor Proposition 3.17 Assume N ⊂ U is a compact, connected real n-manifold whose interior is isolating for (X, K). Let ψ be a trivialization of τ ∂N (M). Then i(X, U) equals the degree deg(F X ) of the map
Proof Follows from Proposition 3.13, because deg(F X ) = c X,N · ν N by obstruction theory.
The following result will be used in the proof Theorem 4.3. th:fue Proposition 3.18 Assume:
(a) W ⊂ M is a connected isolating neighborhood for both X and Y,
Proof Let N be as in (15) . Consider the maps
Corollary 3.17 implies deg(F Y ) = 0, hence F Y is null homotopic, and it suffices to prove F X null homotopic. Degree theory shows that F Y is homotopic to a constant map
By Equation (16) there exists λ : ∂N → R such that
Consequently F X is homotopic tõ
The map
Since the unit sphere Σ ⊂ E\{0} is a deformation retract of E\{0}, Equation (17) shows thatF X is homotopic to a map
Therefore H(Σ) is a proper subset of S n−1 containing G(∂N), implying G is null homotopic. The conclusion follows because the maps The local topology of analytic spaces is rather simple, owing to the theorem of Łojasiewicz [15] : th:triang Recall the hypotheses of Theorem 1.3, assumed henceforth:
• M is a connected real or complex 2-manifold with empty boundary,
• X is an analytic vector field on M,
• K is an essential X-block, and therefore
• K is a nonempty compact subvariety.
Being compact and essential, K has only finitely many components and at least one of them is essential. Replacing K by such a component, we assume:
• K is connected.
Proposition 2.3 implies:
• K is g-invariant.
Most of the proof of Theorem 1.3 goes into the special case that g is generated by X and Y:
Proof We justify four simplifying assumptions:
If dim F (K) = 0 then K is a singleton and the conclusion is obvious. If Otherwise the singular set of the 1-dimensional analytic space K is nonempty and finite, and being invariant under analytic local diffeomorphisms, it lies in Z(Y).
For if U cannot be chosen with this property, then Z(Y) meets every neighborhood of K, hence it also meets K.
In view of (A4) it is enough to prove: Equation (20) and Proposition 3.18 imply the contradiction i K (X) = 0. We return to the general case of Theorem 1.3. Let H K be the collection of sets s ⊂ g satisfying: Z(s) ∩ K is g-invariant and nonempty, and g tracks s.
H K is nonempty because it contains the singleton {X}. By Proposition 2.2,
There is a maximal elementŝ ∈ H K by Zorn's Lemma and compactness of K. We need to proveŝ = g.
If the nonempty, compact subvariety Z(ŝ) ⊂ K is 0-dimensional and hence finite, then Z(ŝ) ⊂ Z(g) ∩ K by Proposition 2.2, entailingŝ = g. Therefore we can assume dim(Z(ŝ)) = 1. This implies Z(ŝ) = K because K is a connected, 1-dimensional analytic submanifold. By Theorem 4.3,
Therefore maximality ofŝ implies
which finishes the proof of Theorem 1.3.
Proof of Theorem 1. 7 The analytic action α of G on M induces an isomorphism from the Lie algebra L(G) of G onto a Lie subalgebra g ⊂ v ω (M). Some element X ∈ g spans a 1-dimensional ideal because G ∈ G. As χ(M) 0, some component of Z(X) is an essential X-block by the Poincaré-Hopf Theorem 3.10. Therefore Z(g) ∅ by Theorem 1.3, proved above. Since G is connected, Fix(α) = Z(g).
